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Statistical and Geometrical
properties of the regularized Kernel
Kullback Leibler divergence

Clementine Chazal, Anna Korba, Francis Bach



What is sampling in Maching Learning ?

It consists in approaching an unknown target probability distribution g € Z(l d) and to
sample form it, i.e. generate x,,...,x, ~ q.



What is sampling in Maching Learning ?

It consists in approaching an unknown target probability distribution g € Z(l d) and to
sample form it, i.e. generate x,,...,x, ~ q.

Applications :

. Bayesian inference : the density of ¢ is known up to a normalization constant : g = %

» Generative modelling : Samples from g are known: y,,...,y. ~g.




What is sampling in Maching Learning ?

It consists in approaching an unknown target probability distribution g € Z(l d) and to
sample form it, i.e. generate x;,...,x, ~ q.

Applications :

. Bayesian inference : the density of ¢ is known up to a normalization constant : g = %

» Generative modelling : Samples from g are known : y;,...,y, ~ ¢.




Sampling as an optimization problem over &°(|

Let D be a distance or a divergence in Z(RY) :

+ Vp,g € PRY, D(pllq) = 0.

* D(pllg) =0 p=q.



Sampling as an optimization problem over (!

Let D be a distance or a divergence in Z(RY) :

+ Vp,g € PRY, D(pllq) = 0.

* D(pllg) =0 p=q.

Sampling can be formulated as a minimization problem,

min F(p)
pEP(RY)

where F(p) = D(p || g) for a fixed target g.



Sampling as an optimization problem over (!

Let D be a distance or a divergence in Z(RY) :

+ Vp,g € PRY, D(pllq) = 0.

* D(pllg) =0 p=q.

Sampling can be formulated as a minimization problem,

min F(p)
pEP(RY)

where F(p) = D(p || g) for a fixed target g.

Questions :
. How to solve optimization in ZP(R?) 2

e Choice of the divergence D : Regularized KKL
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Solving an optimization problem over (! d)

How to solve the minimization mind F(p) ? =P Gradient descent ? =P Impossible in P(RY) !
pEF(RY)

Reminder Example: T(x) =x+a

Let p € P(RY and T : RY > R, the push forward
distribution of p by 1" is

Ty, (A) = p(T~'(A)), VA C R

ldea to solve the minimization : Instead of doing Gradient descent on p we do it on the particules in R
constituting the masse of p.



Wasserstein Gradient
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Wasserstein Gradient

V. F(P))
Definition: If forall 4 : R - R4 ¢ > 0, N

F (L + eh)yp) = F(p) + e(Vy, F(p), h), + o(¢)

handles, then VW237' (p) : RY - R%is the Wasserstein gradient of #. This is a vector field .

Wasserstein Gradient Descent: 7 = 1,...,T", step size y, we do

Piw1 = Uy +yVy FDP)y,

1 n
Discretized WGD: Let xt(l), e ,xt(”) e R and D, = — Z 5xt<i>,
n
i=1

x® =30~y Vo, FPIED), Vi=ln 77 el



Choice of the divergence D

Let come back to the principal problem

min D(p||qg).
pEP(RY)

The choice of the divergence D is critical.

Examples:

 Maximum Mean Discrepancy

Kullback Leibler divergence KL(p || g) = Jlog de
q

> The choice of D is based on several factors: its geometry, the facility with which its Wasserstein
gradient can be calculated, the possibility of evaluating it on all types of probabilities...

> We chose to use the Regularized Kernel Kullback Leibler divergence.
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Reminders on kernel methods
Llet Z C RY k : & X X — R asymetric positive kernel, i.e.

Vxi,...,.x, €l, Va...,a, € IR,Z Zaiajk(xi,xj) > ()
Lo

e Vx,ye X, k(x,y)=k(y,x).

Theorem : There exists a unique Hilbert space #Z C {f: 2 — R} s.t.
e Vxe X, k(.,x) e
- Ve X, [f(x)=(fk(.,x))y

# is the RKHS (Reproducing kernel Hilbert space) associated with &k, and k is the unique
reproducing kernel of Z .



Kernel Kullback Leibler divergence (KKL)
Let I be an RKHS on R with kernel k. Letp € @(Rd), the covariance operator of p, Zp H = A, is

2, = Jk( L X)k(., x)*dp(x).

*Bach, F. (2022). Information theory with kernel methods. IEEE Transactions on Information Theory, 69(2), 752-775. 19/
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2, = Jk( LX)k, x)*dp(x).

Using p — Zp, q— Zq, the KKL divergence is defined as
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Kernel Kullback Leibler divergence (KKL)
Let Z be an RKHS on R? with kernel k. Let p € P(R?), the covariance operator of p, 2, H — H,is

2, = Jk( L X)k(., x)*dp(x).

Using p — Zp, qg— Zq, the KKL divergence is defined as

KKL(p|lg) =Tr X (log2, —log 2 )

for p < g € P(RY) and is equal to + 0 if p=&T.

Theorem [Bach 2022] : If k? is universal and k(x, x) = 1 Vx € RY then KKL(p||g) =0 < p =gq.

Regularized KKL : For a € [0,1], for any p, ¢ € P(R%)

KKLx(p||g) = KKL(p || (1 — @)g + ap)

*Bach, F. (2022). Information theory with kernel methods. IEEE Transactions on Information Theory, 69(2), 752-775. 22/



Close form expression of the regularized KKL

Let p = 2 0, and g = Z 0, . DeflneK = (k(xl,x))l] = RIXN K _ (k(yz»y]))l] = R mXm

and K, = (k( , V) IR”X’" Then, for any a € ]0,1],

1]1

1 1
KKLL(P || §) = Tr (—Kp log —Kp> — Tr (1K log(K)),
n n

a a(l —a)
l] 0 ;Kp \/ nm qu
Where [, = | « and K = \/ .

l —a
nm qu m Kq

* There is also a closed form for the Wasserstein Gradient on empirical measures !



Properties of the KKL

d |
& < — . Then,

dg u

KKL KKL < 11 _© 1-1 Tr(Z logX
|[KKLo(p [ 19) — KKL(p || 9) | < a( +;) | 1_a< ',42) | r( 108 q)\

Convergence ina: Let p,g € YP(R). Assume
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Properties of the KKL

d 1
Convergence in o : Let p, g € SP(R). Assume i < — . Then,

dg u

KKL KKL < 1 : 'az 1'1 Tr (2, log X
KKL(p | 19) = KKL(p |1 9)] < a( +;) . 1—05( .ﬂz) 7 (Z, log X, )|

« Convergence in n:

35 1 1 1 c(241ogn)? n
- | KKLo(P ] 19) — KKLa(p | @) | < 2\/e +logn) - IRLCatl LU |
v/mAn ap mAn U ap? mAm

« a — KKL,(p]||g) is decreasing



Sampling experiments [Glaser 2021]*
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