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• Choice of the divergence  : Regularized KKL
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Example :

Idea to solve the minimization :  Instead of doing Gradient descent on  we do it on the particules in 
constituting the masse of . 

p ℝd

p
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Discretized WGD: Let  and ,


 

x(1)
t , . . . . , x(n)

t ∈ ℝd ̂pt =
1
n

n

∑
i=1

δx(i)
t

x(i)
t+1 = x(i)

t − γ∇W2
ℱ( ̂pt)(x(i)

t ), ∀i = 1,..,n

Wasserstein Gradient Descent :  , step size , we do 


 

t = 1,...,T γ

pt+1 = (Id + γ∇W2
ℱ(pt))#pt



Choice of the divergence D

Let come back to the principal problem 


.


The choice of the divergence  is critical. 

min
p∈𝒫(ℝd)

D(p | |q)

D
Examples:  

• Maximum Mean Discrepancy 


• Kullback Leibler divergence KL(p | |q) = ∫ log
p
q

dp

‣ The choice of D is based on several factors: its geometry, the facility with which its Wasserstein 
gradient can be calculated, the possibility of evaluating it on all types of probabilities… 

‣ We chose to use the Regularized Kernel Kullback Leibler divergence.
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 Theorem : There exists a unique Hilbert space  s.t.


• 


•        


 is the RKHS (Reproducing kernel Hilbert space) associated with , and  is the unique 
reproducing kernel of .
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∑
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ℋ ⊂ {f : 𝒳 → ℝ}

∀x ∈ 𝒳, k( . , x) ∈ ℋ

∀f ∈ ℋ, f(x) = ⟨ f, k( . , x)⟩ℋ

ℋ k k
ℋ



Let  be an RKHS on  with kernel . Let , the covariance operator of , , is


. 


ℋ ℝd k p ∈ 𝒫(ℝd) p Σp : ℋ ↦ ℋ

Σp = ∫ k( . , x)k( . , x)*dp(x)
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Regularized KKL : For , for any 
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Close form expression of the regularized KKL

Let  and . Define ,  

and . Then, for any ,





Where 

̂p =
1
n

n

∑
i=1

δxi
̂q =

1
m

m

∑
j=1

δyj
Kp = (k(xi, xj))n

i,j=1 ∈ ℝn×n Kq = (k(yi, yj))m
i,j=1 ∈ ℝm×m

Kpq = (k(xi, yj))n,m
i,j=1 ∈ ℝn×m α ∈ ]0,1[

KKLα( ̂p | | ̂q) = Tr ( 1
n

Kp log
1
n

Kp) − Tr (IαK log(K)),

Iα = (
1
α I 0
0 0)  and K =

α
n Kp

α(1 − α)
nm Kpq

α(1 − α)
nm Kqp

1 − α
m Kq

.

• There is also a closed form for the Wasserstein Gradient on empirical measures !  



Properties of the KKL
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•  is decreasing 
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