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Introduction

Consider a P ∈ P(Rd) as the minimizer of

J (Q) := L(Q)︸ ︷︷ ︸
loss

+ KL(Q||Q0)︸ ︷︷ ︸
regularisation

(1)

where Q0 = N (0, Id) , KL(Q||Q0) =
∫

log(Q/Q0)dQ if Q ≪ Q0, +∞ otherwise.

Examples of L:
▶ Bayesian statistics: (linear) L(Q) = −

∫
log p(D|x) dQ(x) for data D and

parametric model p(.|x).
▶ Mean-Field Neural Network (MFNN): (quadratic)

L(Q) = 1
N
∑N

i=1(yi − Ex∼Q[Φ(zi , x)])2 for data (zi , yi )N
i=1 and neural network Φ.

▶ Predictively oriented posterior1: L(Q) = − 1
λN

∑N
i=1 S

(∫
p(·|x) dQ(x), δyi

)
,

(yi )i=1,..,n observations.

1[McLatchie et al., 2025]
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Problem and Objective

The only thing we know about P is that it satisfies

dP
dQ0

∝ exp(−L′(P))

where L′(Q) : Rd → R is the first variation2.

Problem:
▶ P’s unnormalized density is unknown.
▶ On discrete distributions, Q̂ =

∑n
i=1 δxi , KL(Q̂||Q0) = +∞ and so

J (Q̂) = +∞.

• Goal: Approximate P with a discrete distribution Q̂=
1
n
∑n

i=1 δxi :

→ Find a substitute loss for J that does not need the condition
Q ≪ Q0.

2limϵ→0
1
ϵ
{L(Q + ϵχ) − L(Q)} =

∫
L′(Q) dχ, ∀χ = R − Q, R ∈ P(Rd).
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Motivation from Rd

Consider J : Rd → R and the minimisation problem

x ∈ arg min
x∈Rd

J(x).

If x∗ is a minimiser of J then ∇J(x∗) = 0.

• Idea: instead of looking for minimiser directly let’s look for stationary
points: solve the minimisation

x ∈ arg min
x∈Rd

∥∇J(x)∥2.

→ We want to generalise this idea for J in P(Rd).
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Gradient in P(Rd): Wasserstein gradient

Let v : Rd → Rd , ε > 0, consider the push
forward distribution

(Id + εv)#Q

Compare J ((Id + εv)#Q) and J (Q).

→ ∇V J (Q) : Rd → Rd is the direction with steepest slope for J .

Definition
If for any function v : Rd → Rd , ε > 0, the expansion

J ((Id + εv)#Q) = J (Q) + ε⟨∇V J (Q), v⟩L2 + o(ε),

holds, then ∇V J (Q) : Rd → Rd is the Wasserstein gradient of J .

The Wasserstein gradient can be computed by the formula:
∇VJ (Q)(x) := ∇x J ′(Q)(x)

for each x ∈ Rd .
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Gradient Discrepancy
If Q and Q0 admit density function respectively q and q0,

∇VJ (Q)(x) = ∇VL(Q)(x) + ∇ log q(x)
q0(x) .

To measure the ’size’ of the gradient let us project the ∇VJ (Q) on the vector field
v : Rd → Rd gives

⟨∇VJ (Q), v⟩L2(Q) =
∫

∇VJ (Q)(x) · v(x) dQ(x)

= −
∫

TQv(x) dQ(x)

with TQv(x) := [(∇ log q0)(x) − ∇VL(Q)(x)] · v(x) + (∇ · v)(x).

Then, one can define the Gradient Discrepancy,

GD(Q) := sup
v∈V s.t.

(TQv)−∈L1(Q)

∣∣∣∣∫ TQv(x) dQ(x)
∣∣∣∣
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Kernel Gradient Discrepancy
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Kernel Gradient Discrepancy (KGD)
Let K : Rd × Rd → Rd×d be a matrix-valued kernel. Let BK = {v ∈ HK : ∥v∥HK ≤ 1}. The
Kernel Gradient Discrepancy (KGD) is defined as

KGDK (Q) := sup
v∈BK s.t.

(TQv)−∈L1(Q)

∣∣∣∣∫ TQv(x) dQ(x)

∣∣∣∣

Remarking that KGDK (Q) = sup
v∈BK s.t.

(TQv)−∈L1(Q)

〈∫
kQ

K (x , .)dQ(x), v
〉

where

kQ
K (x , x ′) :=

d∑
i=1

d∑
j=1

1
ρQ(x)ρQ(x ′)

∂x′
j
∂xi

(
ρQ(x)Ki,j (x , x ′)ρQ(x ′)

)
and ρQ(x) := q0(x) exp(−L′(Q)(x)), we finaly get

KGDK (Q) =
(∫∫

kQ
K (x , x ′) dQ(x)dQ(x ′)

)1/2

.

→ KGD is defined on discrete distribution.
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Theorical guarantees on KGD

1. Separability: KGDK (Q) = 0 if and only if Q is a stationary point
of J . RKHS with sufficiently many vector fields

Definition (α-convergence)
We say that Qn

α→ Q, if
∫

h dQn →
∫

h dQ for every continuous
h : Rd → [0, ∞) s.t. h(x) ≲ 1 + ∥x∥α.

2. Continuity: KGDK (Qn) → KGDK (Q) whenever Qn
α→ Q. Growth

and continuity of kernel.
3. Convergence control3: KGDK (Qn) → 0 implies

Qn
α→ P ∈ Pα(Rd). Separability/Continuity + Uniform integrability

(Dissipative ∇ log q0).

3We extend the results of [Barp et al., 2024] obtained for KSD.
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Existence and uniqueness of stationary points

In which case J admits a unique minimiser ?

Assume that

1. (convexity) L is convex and lower-bounded;

2. (regularity) (Q, x) 7→ L′(Q)(x) is (weakly) continuous in Q and
bounded in (Q, x).

Then J admits a unique minimiser P.

11/20



Experiments
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Predictively Oriented Posteriors

An example of application is Predictively Oriented Posteriors. Let p(.|x) a possibly
misspecified parametric statistical model for independant data {yi }i=1,. . . ,N . Let’s take

L(Q) =
1

2λN
MMD2

(∫
p(·|x) dQ(x),

1
N

N∑
i=1

δyi

)

▶ If p(.|x) is well specified for a true parameter x∗, then P = δx∗ .
▶ If p(.|x) is misspecified, the set of possible distribution to approximate the data is larger.
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Algorithms

▶ MFLD: (Mean Field Langevin Dynamics algorithm4),

X t+1
i = X t

i + ϵ[(∇ log q0) − ∇VL(Qt
n)](X t

i ) +
√

2ϵZ i
t , Z i

t
iid∼ N (0, 1), Qt

n :=
1
n

n∑
j=1

δX t
j
,

Algoritms used for this example:

▶ Extensible Sampling: Start from x0 ∈ Rd and then apply the iterative algorithm:

xn ∈ arg min
x∈Rd

KGDK

(
1
n

δx +
1
n

n−1∑
i=1

δxi

)
(2)

where the minimum is searched on a grid in Rd .

4[Del Moral, 2013]
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Predictively Oriented Posteriors: Variational Gradient
Descent

▶ Variational Gradient Descent: This algorithm is a generalised version of SVGD5. Let
v : Rd → Rd , v ∈ HK and ε > 0

d
dϵ

J ((Id + ϵv)#Q)
∣∣∣
ϵ=0

= −
∫

TQv(x) dQ(x).

Then the optimal direction in HK is proportional to
∫

kQ
K (x , .)dQ(x) which is

vQ(·) ∝
∫

{k(x , ·)(∇ log q0 − ∇VL(Q))(x) + ∇1k(x , ·)} dQ(x).

And then, we deduce the sampling algorithm:

x t+1
i = x t

i + vQn (x t
i ), ∀i = 1, .., n, t = 1, .., T

= x t
i +

1
n

n∑
j=1

k(x t
i , x t

j )(∇ log q0 − ∇VL(Qt
n))(x t

j ) + ∇1k(x t
j , x t

i ).

5introduced in [Liu and Wang, 2016], and generalised in [Wang and Liu, 2019].
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v : Rd → Rd , v ∈ HK and ε > 0

d
dϵ

J ((Id + ϵv)#Q)
∣∣∣
ϵ=0

= −
∫

TQv(x) dQ(x).

Then the optimal direction in HK is proportional to
∫

kQ
K (x , .)dQ(x) which is

vQ(·) ∝
∫

{k(x , ·)(∇ log q0 − ∇VL(Q))(x) + ∇1k(x , ·)} dQ(x).

And then, we deduce the sampling algorithm:

x t+1
i = x t

i + vQn (x t
i ), ∀i = 1, .., n, t = 1, .., T

= x t
i +

1
n

n∑
j=1

k(x t
i , x t

j )(∇ log q0 − ∇VL(Qt
n))(x t

j ) + ∇1k(x t
j , x t

i ).

5introduced in [Liu and Wang, 2016], and generalised in [Wang and Liu, 2019].
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Predictively Oriented Posteriors : Comparison of the
methods

▶ Contours are plotted running for t = 105, stepsize η = 10−6. kernel density
estimation is used to compute the density.

▶ •: final particles distribution.
▶ 4th graph : Evolutions of KGD with iterations: confirms that the values

used for KGD are consistent with the results obtained.

16/20



Mean Field Neural Network
MFNN : Consider independant observations (z1, yn), ..., (zN , yN) linked by
yi = f (zi ) + ξi , ξi ∼ N (0, σ2) where f is a target function. We take L to be the loss of
a regression problem

L(Q) = λ

N

N∑
i=1

ℓ(yi ,EX∼Q [Φ(zi , X)]), (3)

where Φ is a Neural Network with parameter X . We want f ≈ EX∼Q [Φ(zi , X)].
For this example, we have implemented two new methods whose purpose is to
optimise KGD:

▶ Variational Inference: Consider Qθ = T θ
#µ0 for a reference distribution µ0, we

solve
θ⋆ ∈ arg min

θ∈Θ
KGDK (Qθ)

by doing a gradient descent on θ.

▶ KGD Descent: Let’s take the discrete distribution Q̂n = 1
n
∑n

j=1 δxj , we solve

{x1, ..., xn} ∈ arg min KGDK (Q̂n)

with gradient descent : x t+1
i = x t

i − ε∇VKGD2
K (Qt

n)(x t
i ).
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Mean Field Neural Network: Comparison of the methods

▶ Same setting as previous figure.
▶ Problem: The new methods require to differentiate KGD.
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Link between KGD and KSD in Linear case

▶ For a target distribution P with density p, the Kernel Stein Discrepancy (KSD)
is defined as:

KSD2(Q|P) := sup
v∈BK

∣∣∣∣∫ TQv(x) dQ(x)
∣∣∣∣ =
∫∫

kP(x , y)dQ(x)dQ(y)

where kP(x , y) =
∑d

i=1

∑d
j=1

1
p(x)p(x′) ∂x′

j
∂xi (p(x)Ki,j(x , x ′)p(x ′)).

▶ If L(Q) =
∫

V (x)dQ(x), V : Rd → R, L′(Q)(x) = V (x). Then

J (Q) = KLD(Q||e−V Q0)

and so P ∝ e−V Q0 and ρQ(x) = q0(x)e−L′(Q)(x) = q0(x)e−V (x) = p. We have

KGDK (Q) = KSD(Q||P)
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